The dimensionless ratio of the mean free path to a reference length scale typically quantifies the extent to which the continuum assumption in fluid flow dynamics breaks down. However, ambiguity exists in the choice of an appropriate length scale and some researchers have suggested a local parameter, like the Knudsen number, for quantifying continuum breakdown. The authors review a few selected parameters and suggest a continuum breakdown parameter based on local entropy production rates. The selected parameter was chosen by observing and comparing alternatives and abstracting common elements and results. Results presented include laminar boundary flow and one-dimensional shock wave structure. Although both cases are well within the continuum description, they provide an ideal setting for comparison since both have semi-analytical solutions.
INTRODUCTION
Interest in rarefied gas dynamics continues to be stimulated by the possibility of high-speed flight at very high altitudes. Rarefied gas dynamics describes flow in which the length of the molecular mean free path is comparable to some macroscopic reference dimension of the flow field. Under these conditions the gas does not behave entirely as a continuous fluid but rather exhibits some of the properties of its coarse molecular structure. Rarefied gas effects include regions of sharp gradients in velocity, pressure, and/or temperature. In some cases, one or more flow regimes, including free molecule, transition, slip, and continuum flow, may be important. Because of the different physical processes involved in each flow regime, different mathematical models must be used, each of which requires alternative numerical techniques for computational simulation (e.g., Direct Simulation Monte Carlo versus Computational Fluid Dynamics). The dimensionless ratio of the mean free path to a reference length scale typically quantifies the extent to which the continuum assumption breaks down. However, ambiguity exists in the choice of an appropriate length scale and some researchers have suggested a local parameter, like the Knudsen number, for quantifying continuum breakdown (Bird, [1] , [2] ). In fact, as discussed in Chapter 1 of Bird [2] , the limitations of the conservation equations (Navier-Stokes) appears to be directly related to a mathematical requirement for determinate set of equations. The physical processes affecting these relations are classified as nonequilibrium effects and not limited to rarefied gas dynamics. The transport terms like shear stresses and heat fluxes do not form a closed set when gradients in the macroscopic variables become so steep that their scale length is of the same order as the molecular mean-free path. The Knudsen number quantifies the degree to which this condition is met. The traditional requirement stipulates that the Navier-Stokes equations are valid up to a Knudsen number of 0.1. A more precise limit specifies a local Knudsen number where the characteristic length may be replaced by the local length scale of the macroscopic gradients. The macroscopic gradients may be density, velocity, temperature, or pressure and variations of these have appeared in the literature (see Wang & Boyd [4] and Wang, Sun, Boyd [5] for more detail). The accuracy of the governing Navier-Stokes equations begins to degrade around a Knudsen number of 0.1 while a suggested upper limit for the continuum model may be taken as 0.2 (Bird [2] , pp. 2). Transitional flow is often categorized as falling between a Knudsen-number value of 0.01 to 0.1, although these values are not universally accepted. Two other dimensionless parameters that depend on local flow gradients provide some measure of continuum breakdown. These were discussed by P. Canupp [3] and defined by:
Here we review these few selected parameters and suggest a continuum breakdown parameter based on local entropy production rates. This approach was inspired by the work presented in Wang and Boyd [4] , where this particular issue was raised. First, we review the entropy balance equations from the continuum standpoint, based on the extension of the second law of thermodynamics for unsteady fluid flow. Second, we propose to define a continuum breakdown parameter based on a dimensionless formula for the entropy generation rate. Third, we present a comparison for a few selected cases between breakdown parameters. Further work is underway utilizing full CFD solutions of the Navier-Stokes equations and will be presented in a follow-on paper. The focus of the present paper is on developing the appropriate formulas for calculation and comparison.
Entropy Balance Equations
The governing equations of fluid dynamics can be written in compact notation as 
where Q represents the state vector and f j the algebraic flux vector of state quantities. These can represent either the Euler or Navier-Stokes equations. For an ideal gas the entropy formula is readily available from thermodynamics, such that S=S(Q) with respect to the state variables Q =(ρ,ρu,ρv,ρw,ρe) .
The specific entropy formula, from thermodynamics, is
The total specific energy is
so that the temperature can be written as We identify the second expression by collecting all terms that have a definite sign. Equation (13.a) may be obtained by generalizing the second law of thermodynamics for an open, unsteady system. One can derive (13.b) directly from (13.a) by using all the constitutive relations and conservation equations. The procedure is tedious and not straight-forward. The procedure outlined above is atypical but offers a methodological advantage (Camberos, [6] ). We propose a continuum breakdown parameter based on entropy generation rate defined by the dimensionless parameter:
Comparing this expression with Equation (2), we see that the entropy generation rate in dimensionless form includes portions of both K τ and K q and therefore represents the effects of both velocity and temperature gradients. In particular, it is hoped that this expression may serve at least as a theoretical benchmark for quantifying the effects of that herald the onset of continuum breakdown. We consider in the sections that follow two examples to demonstrate the concept for problems that have a theoretical or nearly-analytic solution. Regions of interest in the general simulation of fluid flow include boundary layers and shock waves where the transport properties are most significant. Both regions contain entropy generation due to viscous dissipation and heating. Therefore, one would expect these regions to serve as ideal candidates for comparing breakdown parameters. The accepted criterion is to declare the onset of continuum breakdown when the value of the relevant parameter equals 0.1. With both the boundary layer and shock profile, we will explore and compare the various parameters keeping this value in mind.
EXAMPLE 1: INCOMPRESSIBLE BOUNDARY LAYER
Neglecting buoyancy, the steady 2-D incompressible flow (boundary layer) equations are: 
Blasius' Equation
L. Prandtl conceived the concept of a boundary layer and it was his first student, H. Blasius who introduced similarity analysis and assumed small displacement thickness so that U = const. and dU/dx = 0 to obtain a solution. If we use the dimensionless similarity variable and stream function:
This makes the velocities:
The momentum equation reduces to the Blasius equation for a flat plate:
( 1 9 . )
The boundary conditions are:
The accepted value for the found by numerical solution of (19) and iteration is 0.469600. At
5, so that a complete solution provides a measure of the boundary layer thickness, the displacement thickness, the friction coefficient, wall shear stress and friction drag.
Flat-Plate Heat Transfer for Constant Wall Temperature
To account for the effects of temperature gradients, it is necessary to include the energy equation, even though this is decoupled from the Blasius momentum equation. Consider the case where heat transfer occurs at constant wall temperature T w and define the dimensionless temperature difference as ( ) ( ) ( )
neglecting dissipation (contrary to what is assumed in textbooks), the energy equation reduces to ) with boundary conditions Θ(0) = 1 and Θ( y→ ∞) = 0. Pr is the Prandtl number and Ec is the Eckert number defined as: Ec = U 2 /c p ∆T, where ∆T equals the temperature difference between the fixed wall temperature and the free-stream.
Flat-Plate Laminar Boundary Layer Entropy Production
The details presented above are duplicated from what one can find in the literature and textbooks on fluid mechanics in particular (e.g., White [7] , pp. page 86-88). We repeat them here for convenience in deriving the following. The formula for entropy generation rate consistent with the boundary layer equations can be written as
( 2 3 . )
Where Φ represents the viscous dissipation function. The complete formula for the viscous dissipation function in Cartesian coordinates, assuming a Newtonian fluid, can be reduced to 2D incompressible flow as Fourier's law for the heat conduction (2D) gives
(25.)
So that the complete 2D incompressible entropy generation rate is represented by Utilizing the standard similarity transformation, we now fill in the derivatives using the similarity functions and parameters:
( )
From the definition of η, we can substitute and simplify to obtain the following, where an order-of-magnitude inspection of terms gives the entropy generation rate:
where Pr = µc p /κ (Prandtl number). Several possibilities exist for making the expression dimensionless. Since entropy is most closely associated with thermodynamic effects, we can choose to divide by the thermal energy cluster ρUc p /x to obtain ( ) ( ) However, it is typically more convenient to express dimensionless quantities in terms of more familiar and easily specified parameters like Mach and Reynolds numbers. Using the ideal gas relations given by ) we rewrite the Knudsen-like parameters as follows.
Entropy: 
Results for Flat-Plate Boundary Layer Flow
It is a simple matter these days with sophisticated software available to obtain a numerical solution for ordinary differential equations. Solutions for the Blasius momentum equation and the energy equation thus provide the numerical values for evaluating and comparing the various parameters. Because of the way the Knudsen-like parameters are scaled, the ratio of (x/L) appears in the denominator. Therefore, near the boundary layer edge, where CFD typically requires grid clustering to solve the boundary layer equations, gradients are much more severe. In the calculations presented, we used x=L=1.0 to focus on the differences between the parameters at length scales comparable to the macroscopic scale. A reasonable application would be to use these parameters to detect how close to the boundary layer leading-edge a continuum method would be valid. However, it is well known that for laminar boundary layer flows, grid convergence often solves the problem long before the continuum assumption comes into question. The Blasius and energy boundary layer equations were solved with the Mathematica symbolic calculation software. Figure 1 shows the calculated solution for the velocity and temperature profiles as well as their gradients. It is evident that indeed the velocity gradient is large while the temperature gradient is not as great. Free-stream conditions were set at Mach 0.2 and standard sea-level for pressure, temperature, and density. Figure 2 shows that the main entropy-generating mechanism is due to heat transfer in the normal direction. The minute contribution due to viscous stresses validates the "small Eckert number" approximation typically assumed. The Knudsen parameters are shown in the second half of Figure 2 and obviously indicate that this problem is well within the continuum domain (the mean-free path under these conditions is of the order of 10 -8 ). Entropy generation (Figure 3 ) is two orders of magnitude larger than even a local Knudsen number with length scale based on the velocity gradient: 
EXAMPLE 2: ONE-DIMENSIONAL PLANE SHOCK WAVE
Shock waves represent another situation where the transport properties and the closure conditions become important. For simplicity, we consider only quasi-one-dimensional flow governed by the steady Navier-Stokes equations:
Mass:
Momentum:
Energy:
( 3 6 . )
A unique solution exists for these equations provided that the second law of thermodynamics is satisfied. This solution represents a plane shock wave with flow direction determined by compression. These solutions have long been studied in discussing the validity of the continuum assumption (Gilbarg and Paolucci [8] ). Interest continues to this day because they offer an ideal case for comparing continuum and molecular-based models relevant to the closure conditions for the transport properties. The constitutive relations for the transport properties applicable in the continuum regime are:
( 3 7 . )
The two expressions for the entropy balance equations become redundant for the steady state and are in fact interchangeable. It is therefore only necessary to calculate only one or the other:
In unsteady situations, the two expressions should yield the same value in principle but may differ when approximate and complex numerical calculation is involved (as in sophisticated CFD algorithms).
With the right software available, it is just as easy to obtain a numerical solution to a second or higher order ordinary differential equation. However, a convenient strategy is to solve the entire problem as a system of coupled first-order ODEs. By using the equations of state for an ideal gas the system of equations can be reduced to solve for the macroscopic flow variables. Entropy generation rates and the other Knudsen-like parameters are obtained from the numerical solution of the system of equations, which are made dimensionless by using a reference mean-free path as the length scale. One caveat: It is generally now known that the proper approach to obtain a numerical solution to these equations is to integrate from the down-stream to the up-stream conditions. This is because the down-stream conditions represent a nodal point in velocitytemperature space, while the up-stream conditions are a saddle point. Numerical solutions that begin up-stream will soon deviate and will most likely not approach the down-stream conditions.
In the figures that follow, the calculations were obtained using a dimensionless form of the equations with all macroscopic quantities normalized by their up-stream values, a Mach number of 2, and space normalized by the up-stream mean-free path. Downstream initial conditions for numerical calculation were obtained with the Rankine-Hugoniot relations for 1D shock waves. The equations were solved with the Mathematica symbolic calculation software.
Results for One-Dimensional Shock Wave Structure
Solutions for the 1D Navier-Stokes equations provide the numerical values for evaluating and comparing the various parameters. In the calculations presented, all breakdown parameters utilized a local value of the mean-free path as the length scale. These were defined as in Equations (13.a) and (13.b) for the entropy, Equation (2) for K τ and K q , and Equation (1) for the local Knudsen number with reference length scale based on the mass density gradient. Figure 4 shows the calculated solution for the macroscopic variable profiles as well as the heating and shear stress profiles. The profiles are centered at sonic conditions and the scale is in mean-free paths. Peak heating occurs just upstream of the sonic point while peak shearing occurs just downstream. Figure 5 shows that the pressure gradient is larger and broader than the gradients for the other variables, making a viable parameter on which to base the length scale for a Knudsen-like parameter, although density, velocity, and temperature have been mostly utilized in prior work (Wang and Boyd, [4] ). In Figure 5 , right-hand side, we present the entropy and entropy generation profiles. The non-monotonic behavior for the entropy, which is theoretically correct, is evident both from its profile and its gradient across the shock wave. All the parameters are presented in Figure 6 for comparison. The parameter based on heating rates across the shock spans a broad area while the entropy generation rate span is narrow. Based on this information alone, a narrower span might indicate an advantage since one would like to use the most efficient method (CFD) as far as possible into the shock interior. Unfortunately, with stronger shocks others have shown that continuum breakdown, as measured by comparing the deviation between a CFD solution and a DSMC solution indicates that continuum breakdown may occur over a broader range than indicated by any of these parameters (Wang, Sun, and Boyd [5] ). This remains an issue of interest and deeper investigation.
REMARKS: ENTROPY PRODUCTION IN CFD
Inspiration for this work began with the suggestion that perhaps entropy generation rates could be utilized to detect regions of extreme velocity and temperature gradients. We have shown that this kind of parameter compares well with previously proposed alternatives. It has the advantage of including effects of velocity and temperature gradients together as well as the temporal effects associated with strongly unsteady flow, depending on how the entropy balance equation is formulated. In addition to its possible use in continuum breakdown studies, however, the second law of thermodynamics has much more general applications (Bejan [9] , Scubbia [10] ). We discuss some of these applications in brief and only for the purpose of setting the stage for work to follow.
A numerical method applied to the solution of the governing equations aims at calculating the updated variables from the presently known distribution at a previous time step. The space and time integration of the balance equations can be separated so that the resulting finite-volume, semi-discrete formula An alternative expression may be obtained using numerical estimates for the velocity and temperature gradients (typically already known for higher-order methods) and solving for the entropy generation rate with Equation (13.b). A numerical method that satisfies the non-negative entropy generation principle in discrete form can be said to satisfy a local form of the second law of thermodynamics. By calculating and monitoring the magnitude and sign of the entropy generation locally, one can identify regions that violate the second law. This also allows an expanded capability for ensuring that the computational simulation satisfies physical theory, is numerically stable, and incurs a minimum of numerical error. Each of these possibilities have not been fully explored and exploited.
CONCLUSIONS
We have presented a very basic idea and sufficient detail for the definition of a continuum breakdown parameter based on local entropy generation rates. The parameter attempts to addresses the need for detecting regions where non-equilibrium physical processes dominate so that appropriate mathematical and numerical models may be employed towards the solution of the governing equations. A breakdown parameter based on entropy generation rates has the advantage of including effects of velocity and temperature gradients together as well as the temporal effects associated with strongly unsteady flow, depending on how the entropy balance equation is formulated. Although the elementary results presented rely entirely on the continuum assumption and weak non-equilibrium, by comparing the new parameter with those previously proposed and utilized, we are able to suggest its viability as a theoretical benchmark, although its use in extreme conditions has not been proven. The focus here has been in identifying a parameter for possible use in detecting regions of extreme gradients where it may be necessary to switch to a molecular-based method while using a continuum CFD solver in smoother regions. Such hybrid solutions have been explored in the past with varying degrees of success. Any effort in this direction requires a practical and robust continuum-breakdown indicator. In order to fully evaluate the entropy generation as a viable parameter, it will be necessary to first validate CFD calculations with limiting cases like those presented here and then see how well the parameter performs under more severe conditions (like strong shocks, turbulent boundary layers, and other non-equilibrium phenomena). In addition, the finite grid cell dimension in CFD provides another locally valid reference length scale to explore. . Knudsen-like parameter profiles resulting from a numerical ODE solution for normal shock wave structure.
